The k-wheel W k is the graph obtained as a join of a vertex and the cycle of length k. I t i s p r o ved that a subdivided wheel G embeds isometricaly into a hypercube if and only if G is the subdivision graph S(K 4 ) o f K 4 or G is obtained from the wheel W k (k 3) by s ubdividing any o f its outer-edges with an odd number of vertices.
Introduction
In 12] i t i s p r o ved that if every edge of a graph G is subdivided by o n e v ertex, then the obtained (bipartite) graph is a partial cube if and only if every block o f G is complete or a cycle. In addition, subdivisions of wheels are considered in 2] i n o rder to construct bipartite graphs with convex intervals that are not partial cubes, thus answering in negative a question of Chepoi and Tardif whether partial cubes are precisely bipartite graphs with convex intervals. The subdivisions studied in 2] are \uniform", that is, all the edges of the outer cycle of a wheel are subdivided with the same number of vertices, and all the spokes are also subdivided with the same number of vertices. Hence it would be unnatural not to ask when an arbitrary subdivided wheel allows an isometric embedding into a hypercube. A related problem was studied by Deza and Tuma in 6]. They have c haracterized the CNRS, Laboratoire Leibniz, 46 avenue F elix Viallet, 38031 Grenoble C edex, France, e-mail: sylvain.gravier@imag.fr, michel.mollard@imag.fr y Department o f Mathematics PEF, University o f Maribor, Koro ska 160, 2000 Maribor, Slovenia, e-mail: sandi.klavzar@uni-lj.si 1 so-called`1-graphs among the subdivided wheels in which the spokes are not subdivided. For more information on`1-graphs we refer to 4, 5] .
Let W k be the k-wheel, that is, the graph obtained as a join of the one vertex graph K 1 and the k-cycle C k . I n t h e r e st of the paper we w i l l d e n o t e t h e central vertex of W k by u and the remaining vertices by w 1 : : : w k , w here adjacencies are de ned naturally, c f. Figure  2 . The cycle of W k induced by t h e v ertices w 1 : : : w k will be called the outer-cycle of W k .
These notions will also be used for subdivided wheels. In the following the subscript must be read modulo k. Let W k (m 1 : : : m k n 1 : : : n k ) b e t h e g raph obtained by subdividing edges of W k , w here m i is the number of v ertices added on the edge w i w i+1 , a n d n i the number of v ertices added on the inner edge uw i . I n t his note we p r o ve the following result:
Theorem 1 Let k 3. Then a subdivided w h e el W is a partial cube i f a n d only if 1 1 1 1 1 1) is the subdivision graph S(K 4 ) o f K 4 . S e e F i gure 1 for isometric embeddings of these two graphs. Lemma 2 Let G be a g r aph and let K be a n i s o m e tric subgraph of G which is isomorphic to a subdivision of K 2 3 . T h e n G is not a partial cube.
Proof. It is enough to show that K is not a partial cube since isometric subgraphs of partial cubes are partial cubes. K can be described with two v ertices a and b plus three vertex-disjoint paths P 1 , P 2 , and P 3 from a to b each o f l e n g t h a t least 2. For i = 1 2 3 let a = x i 0 x i 1 : : : x i n i = b be the vertices of the path P i . W e m a y a s s ume that P 1 is shortest among these three paths. Note that n 1 +n i is even for i = 2 3. Consider the edge e between a and x 1 1 , the edge f between x 2 (n 1 +n 2 )=2;1 and x 2 (n 1 +n 2 )=2 , and the edge g between x 3 (n 1 +n 3 )=2;1 and x 3 (n 1 +n 3 )=2 . I t i s straightforward to see that f e, e g but f is not in relation to g, hence is not transitive. 2
For k 3, the k-fan F k is the graph obtained as the join of a vertex u and a path on k vertices w 1 : : : w k .
Lemma 3 Let G be a g r aph and let K be a n i s o m e tric subgraph of G which is isomorphic to a subdivision of F k (k 3) such that at least one of the edges uw 2 : : : u w k;1 is subdivided. Then G is not a partial cube.
Proof. We proceed by induction on k. I f k = 3 then we a r e d o ne by L e m ma 2. Let k 4 and let uw i with 2 i k ; 1 b e a subdivided edge. Suppose that there is an j 6 = i such that the path in K corresponding to the edge uw j in F k is not a geodesic. If j = 1 (or j = k) then we remove t he inner vertices of the path from u to w 2 that goes through w 1 . Else we r emove the inner vertices of the u w j -path. In both case, we o btain an isometric subdivision of F k;1 . B y induction hypothesis it is not a partial cube. In the other case, all the corresponding subdivided u w j -paths are geodesics. Then the subgraph of K induced by the vertices of the corresponding subdivided u w i;1 -path, u w i -path and u w i+1 -path in F k are isometric and we c a n apply Lemma 2 again. 2
We are now r eady for the proof of Theorem 1. Let W = W k (m 1 : : : m k n 1 : : : n k ) b e a bipartite wheel. Lemma 1 takes care for the case when all the n i 's are zero. Hence we may, without loss of generality, assume that n 1 1.
Case 1 : k 4. Assume, rst that n 2 = : : := n k = 0 . Then C 12 C k1 induces an isometric subdivided K 2 3 , and by Lemma 2 W is not a partial cube.
Assume, next that there exists an i 6 = 1 such that n i 1, i 6 = 2 and i 6 = k. Let H be the subgraph of W induced by u w 1 w 2 and w k and the corresponding paths between them. Let, in addition, H 0 be the subgraph induced by u w 2 w 3 : : : w k and the corresponding paths. We c laim that H or H 0 is an isometric subgraph of W. Indeed, if the path w k u k n k : : : u u 2 1 : : : w 2 is a geodesic then H and H 0 are isometric subgraphs. Otherwise w 1 or w i is on geodesic between w 2 and w k . I n t h e rst case H is isometric, and in the second case H 0 is such. In any c a s e W is not a partial cube by L e m ma 3.
In the nal subcase, we m a y assume that i = 2 a n d n k = n 3 = 0 . N o t e that w k u w 3 is a geodesic (if k = 4 , observe that the edge w k w 3 must be subdivided because W is bipartite). Now, the subgraph induced by w 3 u w k w 1 w 2 and the corresponding paths between them is an isometric subdivided F 4 . H ence, again using Lemma 3, W is not a partial cube.
Case 2 : k = 3 . If n 1 > 0 and n 2 = n 3 = 0 t hen, since W is bipartite, there is at least one vertex on the outer-cycle between w 2 and w 3 . H e n c e , C 12 C 31 is isometric and by L emma 2 we get that W is not a partial cube.
Assume now that n 1 > 0 a n d n 2 > 0. If n 3 = 0 t h e n consider the 3-wheel centered in w 3 . The case when none of the edges w 3 u w 3 w 1 and w 3 w 2 is subdivided was treated in Lemma 1 moreover the case when exactly one of these edges is subdivided has been considered above. Hence m 3 > 0 a n d m 2 > 0. Without loss of generality, a ssume that m 3 m 2 . I f m 3 n 1 + 1 then C 12 C 23 is isometric and no partial cube is possible. So m 3 n 1 . Clearly, m 3 < n 1 , for otherwise we h a ve a n o d d c y cle. Removing from W the inner vertices of the u w 1 -path we g e t a n i s ometric subdivided K 2 3 . C o n c l ude as above.
Now w e h a ve t h a t n i > 0 f o r all i = 1 2 3. Then considering a vertex w i (for any i) a s the central vertex of the wheel, we a lso obtain that m i > 0 f o r all i = 1 2 3. We c l aim that the u w i -path is the unique geodesic between u and w i . Indeed, in the opposite case, remove f rom W the inner vertices of the u w i -path to get an isometric subdivided K 2 3 . B y the same argument w e a lso infer that the corresponding w i w i+1 -paths are isometric. In particular, this implies that the cycles C 12 C 23 C 31 and the outer-cycle are all isometric. Let v = u 1 1 and e = uv. T h e n e is in relation with exactly one edge f = v 0 u 0 of C 12 and one edge g = v"u" o f C 13 . Note that v u u 2 1 : : : w 2 is a geodesic because W is From these equalities we obtain m 2 + 2 n 1 = n 2 + n 3 + 1 : Considering the edges uu 2 1 and uu 3 1 we a l s o o btain m 3 + 2 n 2 = n 3 + n 1 + 1 m 1 + 2 n 3 = n 1 + n 2 + 1 : Hence m 1 + m 2 + m 3 = 3 , and so m 1 = m 2 = m 3 = 1 . R e p l a cing the role of vertex u with vertex w 1 (w 2 , w 3 ), we c onclude that n 1 = n 2 = n 3 = 1 holds if W is a partial cube. 2
